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We analyze recent measurements �R. Blinc, V. V. Laguta, B. Zalar, M. Itoh, and H. Krakauer, J. Phys.:
Condens. Matter 20, 085204 �2008�� of the electric field gradient on the oxygen site in the perovskites SrTiO3

and BaTiO3, which revealed, in agreement with calculations, a large difference in the electric field gradient
�EFG� for these two compounds. In order to analyze the origin of this difference, we have performed density
functional electronic-structure calculations within the local-orbital scheme FPLO. Our analysis reveals the
counter-intuitive behavior that the EFG increases upon lattice expansion. Application of the standard model for
perovskites, the effective two-level p-d Hamiltonian, cannot explain the experimentally observed and theoreti-
cally predicted behavior. In order to describe the EFG dependence correctly, a model beyond the usually
sufficient p-d Hamiltonian is needed. We demonstrate that the counter-intuitive increase in the EFG upon
lattice expansion can be explained by an s-p-d model containing the contribution of the oxygen 2s states to the
crystal field on the Ti site. The proposed model extension is of general relevance for all related transition-metal
oxides with similar crystal structure.
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I. INTRODUCTION

Perovskitelike compounds ABO3, with A being an alkali,
alkaline-earth, or rare-earth metal and B a transition-metal
element, attract much attention because of their importance
for both fundamental science and technological
applications.1 Although the high-temperature cubic phase has
a very simple crystal structure, this does not prevent these
compounds from exhibiting a large variety of physical prop-
erties rendering the perovskites to model compounds for
studies of a large variety of different physical phenomena.
Within the perovskite family, we find superconductivity, e.g.,
in KxBa1−xBiO3,2 giant magnetoresistance, e.g., in LaMnO3,3

orbital ordering, e.g., in YTiO3,4 and ferroelectricity, e.g., in
BaTiO3.1,5 The latter phenomenon is of large interest because
of technological applications.

The compounds SrTiO3 �STO� and BaTiO3 �BTO� are
isovalent. The valence and conduction bands of the two per-
ovskites are formed by p states of oxygen and d states of
titanium. In the high-temperature cubic phase �space group
Pm3m�, the Ti and O sublattices have the identical geometry
for STO and BTO, the lattice parameters being a
=3.8996 Å �Ref. 6� and a=4.009 Å,1 respectively. As the
temperature decreases, both compounds experience a soften-
ing of an optical-phonon mode, which corresponds to Ti mo-
tion toward the oxygen.1 BTO exhibits a succession of phase
transitions, from the high-temperature cubic perovskite phase
to ferroelectric structures with tetragonal, orthorhombic, and
rhombohedral symmetry.1 In contrast, STO behaves as an
incipient ferroelectric in the sense that it remains paraelectric
down to the lowest temperatures, exhibiting nevertheless a
very large static dielectric response. It undergoes an antifer-
rodistortive phase transition at 105 K to a tetragonal �space
group I4 /mcm� phase but this transition is of nonpolar char-

acter and has little influence on the dielectric properties.7

An appropriate tool to study even subtle structural
changes is the electric field gradient �EFG� due to its high
sensitivity with respect to changes in the local charge distri-
bution. The EFG can be measured experimentally and calcu-
lated form first principles with high reliability and accuracy.
A straightforward comparison of the measured and the cal-
culated EFG values is possible without complex models in
between, thus allowing a detailed, microscopically based
analysis of the changes in the charge density, the underlying
orbital occupation and the related implications for the picture
of the chemical bonding.

The first experimental and theoretical determination of the
17O electric field gradient on the oxygen site in perovskites
was recently reported for STO and BTO, where the linear-
ized augmented plane-wave �LAPW� method was used for
the first-principle calculations. The most striking feature in
the experimental and theoretical data is the large difference
of the EFGs between the two compounds. The calculational
investigation of Blinc et al.8 concluded, that the magnitude
of the EFG of 17O in BTO is larger than the EFG of 17O in
STO due to two effects: �i� larger lattice parameters in BTO
compared to STO and �ii� a larger ionic radius of Ba com-
pared to Sr.

While the experimental determination �NMR� cannot pro-
vide the sign of the EFG, the LAPW calculation yielded a
negative EFG. A negative EFG corresponds to a prolate elec-
tron density which implies the importance of covalence ef-
fects. In order to elucidate the origin of the sign of the EFG
and the different contributions to the EFG, we have per-
formed first-principle calculations using the density func-
tional theory �DFT� based code full-potential local-orbital
�FPLO�.9 Since the representation of the potential and the den-
sity in FPLO allows easy decomposition, FPLO is especially
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suited to address these questions. The calculational details of
our investigation are given in Sec. II and the obtained results
are presented in Sec. III. These results cannot be explained
by intuitive models, which are also described in this section.
Therefore, a more complex microscopic model Hamiltonian
is introduced in Sec. IV. Using the properties of this extended
s-p-d-type model, a consistent interpretation of the experi-
mental data and the theoretical DFT results is provided and a
deeper, microscopically based understanding is obtained.

II. CALCULATION METHODS

The electronic band-structure calculations were per-
formed with the full-potential local-orbital minimum basis
code FPLO �version 5.00–19� �Ref. 9� within the local-density
approximation �LDA�. In the scalar relativistic calculations
the exchange and correlation potential of Perdew and Wang10

was employed. As basis sets Ba �4d5s5p /6s6p5d+4f7s7p�,
Sr �4s4p /5s5p4d+6s6p�, Ti �3s3p3d /4s4p4d+5s5p�, and O
�2s2p3d+3s3p� were chosen for semicore/valence
+polarization states. The high-lying states improve the com-
pleteness of the basis which is especially important for accu-
rate EFG calculations. The lower-lying states were treated
fully relativistically and as core states. A well-converged k
mesh of 455 k points was used in the irreducible part of the
Brillouin zone.

III. BAND-STRUCTURE RESULTS

In FPLO, the EFG on a nucleus at a given lattice site may
be represented as the sum of two contributions: An on-site
contribution Vzz

on �see Eq. �A11��, which comes from the on-
site contribution of the electron density of the given lattice
site, and the off-site contribution Vzz

of f �see Eq. �A12��, which
results from the potential of all other atoms �see Appendix,
Sec. 1�. The on-site contribution Vzz

on can be split up into p-p,
s-d, and d-d contributions �see Appendix, Sec. 2�.

The on- and off-site contributions as well as their sum and
the dominating p-p contribution �see Eq. �A15�� are shown
in Table. I. Whereas the total EFG for 17O in BTO agrees
well with the experiment �1% deviation�, the total EFG for
17O in STO is in discrepancy11 with the experiment �38%
deviation�, see Table. I. Compared to the EFGs calculated
with the LAPW code in Ref. 8, we obtain almost the same

absolute value of Vzz but the opposite sign, see Table. I. Our
calculated EFGs as a function of the lattice parameter a for
both compounds reveal the same tendency as observed in
Ref. 8: the absolute value of the EFG increases under the
lattice expansion �see Fig. 1�. From Fig. 1 we also conclude
that the EFG of BTO is not only larger than the EFG of STO
due to larger lattice parameters �“lattice effect”�, but also due
to an “cation effect,” which is responsible for the remaining
difference. This lattice effect is demonstrated by the shift
between the two EFG curves in Fig. 1.

The increase in the �absolute value of the� EFG upon
lattice expansion is rather counter intuitive. In the traditional
approach, the spherically symmetric electronic shell of an
ion is perturbed by the potential of the external �point�
charges of the solid. As a result, the total EFG on the ion
nucleus is caused by the EFG of the external potential and is
roughly proportional to it. It is clear that this approach pre-
dicts the opposite tendency: the strength of the external po-
tential is inversely proportional to the lattice constant and
thus the �absolute value of the� EFG should decrease under
the lattice expansion. The failure of this approach to describe
the observed behavior of the EFG indicates that a fully ionic
description of the perovskites is inappropriate.

In an alternative approach, the electronic shell of the atom
is disturbed by the hybridization of the wave functions with
the states of the surrounding atoms. The hybridization results
in the asymmetry of the electronic cloud of the atom and the
EFG on its nucleus. Apparently, this covalent approach pre-
dicts the same tendency as the ionic one: it is usually be-
lieved that the hybridization decreases with the increase in
the bond length. In both approaches we may say: when ex-
panding the lattice, we decrease its influence on the atom and
the electronic shell should become closer to that of the free
atom. Hence, we come to the conclusion: the �absolute value
of the� EFG should decrease under the lattice expansion,
which is opposite to the experimental observation and the

TABLE I. The experimental and calculated values of the EFG
�in 1021 V /m2� on the oxygen site �17O� in the cubic phase of the
two perovskites. The last four lines refer to equations given in the
Appendix.

SrTiO3 BaTiO3 Ref.

�Vzz
exp� 1.62 2.46 Ref. 8

Vzz
cal −1.00 −2.35 Ref. 8

Vzz
cal 1.00 2.44 Eq. �A10�

Vzz
on −0.21 1.39 Eq. �A11�

Vzz
of f 1.21 1.05 Eq. �A12�

Vzz,pp
on,net 96% 107% Eq. �A15�
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FIG. 1. �Color online� Calculated Vzz as a function of the lattice
parameter a. Vzz for the experimental lattice parameter is marked by
shaded squares. The “cation” and “lattice effect,” which are respon-
sible for the difference in Vzz for these two compounds are indicated
by the dashed �green� and full �red� arrow, respectively. Inset: the
anisotropy count �p in dependence of the lattice parameter a in Å.
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results of both first-principles calculations. We will tackle
this problem in detail in Sec. IV.

Another problem is the different sign of the EFG obtained
from the two different band-structure codes. If the sign of the
EFG is taken into account, the slope in our graph �Fig. 1� is
opposite to the slope in the graph obtained with the LAPW
code �Fig. 5 in Ref. 8�. Since the NMR experiment is not
sensitive to the sign of the EFG, we will investigate the
influence of the lattice expansion on the different contribu-
tions to the EFG to get more insight regarding this issue.

Our calculations show that both the on-site and the off-
site contribution to the EFG have comparable values for the
perovskite lattice, see Table. I and Fig. 2. In Fig. 2, the two
contributions, Vzz

on �dashed line� and Vzz
of f �dash-point line�

and the total EFG �full line� are shown. Whereas the off-site
EFG decreases only slightly upon lattice expansion, the on-
site EFG increases strongly with increasing lattice param-
eters, resulting in the significant increase in the total EFG.
We also observe that the off-site EFG is almost identical for
these two structures, which is in line with the observed weak
dependence of Vzz

of f on the lattice parameters.
The on-site EFG is mainly caused by electrons with p

character, see Table I. Therefore, we will investigate the cor-
responding anisotropy count �p.12 In the perovskite structure
ABO3, the oxygen site has axial symmetry, and the z axis is
directed along the B-O bond. Thus, the anisotropy count is
the difference between the population of the oxygen 2p �
�corresponds to pz� and � �corresponds to px,y� orbitals. In
the inset of Fig. 1, we see that the anisotropy count �p
increases with the lattice expansion. This is in agreement
with the increasing on-site EFG. If we focus on BTO, where
the experimental and calculated �for the experimental lattice
parameter a=4.009 Å� values for the EFG agree very well,
we see that this positive Vzz corresponds to a positive �p.
That means the p electron density �responsible for the EFG�
has an oblate shape, since more electrons are occupying the
px,y orbitals than the pz orbital, which is in agreement with
the positive sign of the EFG.

After concluding that the sign of Vzz for 17O for both STO
and BTO should be positive, we come back to the counter-

intuitive behavior of the increasing EFG upon lattice expan-
sion. Figure 3 reveals that the increase in �p with lattice
expansion, which is responsible for the increasing EFG upon
lattice expansion, is due to an increasing occupation of �
�corresponds to px,y� and an decreasing population of � �cor-
responds to pz� orbitals.

IV. DISCUSSION

In order to understand this anomalous behavior of the �
orbital, we will analyze the main features of the electronic
structure of perovskites. Detailed band-structure studies of
perovskite compounds were performed by Mattheiss,13–15

who also proposed a first tight-binding fit for the band dis-
persions. Wolfram et al.16–18 �cf. also Ref. 19� developed a
very simple model �Wolfram and Ellialtioglu, WE� for the
valence and conduction bands, which reflects their basic
properties. The WE model includes the d orbitals of the B
ion and the p orbitals of the oxygen. Wolfram et al.16–18

pointed out a quasi-two-dimensional character of the bands,
which is due to the symmetry of the orbitals. If one retains
only nearest-neighbor hoppings, the total 14�14 Hamil-
tonian matrix �five d orbitals and nine p orbitals� acquires
block-diagonal form at each value of k�. The three 3�3 ma-
trices describe the �ij bands �ij=xy ,yz ,xz�. Every dij orbital
of the t2g symmetry couples with its own combination of
oxygen 2p � orbitals, which lie in the same plane perpen-
dicular to the bond direction. They form a pair of bonding
and antibonding states. The remaining combination of the 2p
� orbitals in the same plane forms the nonbonding band.
Wolfram et al. call this group of bands � bands. The states
described by the 5�5 block matrix are called � bands since
they are formed by oxygen 2p � orbitals, which are coupled
with the eg �dx2−y2 and dz2� orbitals of the B ion. This matrix
decouples into one nonbonding band and two pairs of bond-
ing and antibonding bands.

Figure 4 shows the calculated band structure for STO for
two different lattice parameters a. The features mentioned
above are clearly seen �cf. Fig. 2 of Ref. 18�. The antibond-
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ing �ij bands are situated between 2 and 4 eV, where the �yz
band is almost dispersionless in the direction �→X. This
manifests the quasi-two-dimensional character of the bands.
The bands originating from the d eg orbitals are in the range
from 4 to 8 eV, where the band expressing dz2 character is
dispersionless along the �→X direction. The valence band
has a more complex character due to additional mixing from
the direct p-p hopping. This is neglected in the simple ver-
sion of the WE model. Nevertheless, we see that the non-
bonding bands lie on top of the valence band and have a
much smaller dispersion than the bonding bands, which lie
below −1 eV ��ij� and below −3 eV �� bands�. The latter
have a larger dispersion due to much larger d-p hoppings.

Although the Kohn-Sham theory is not good for excita-
tion spectra, or obtaining the correct energy gap, it yields
reliable occupation numbers, on-site energies and transfer
integrals, especially in the absence of strong correlations.
Therefore, we can use our LDA band structure to obtain
reliable parameters as input for further treatment using
model Hamiltonians.

In the following, we explore within the WE model how
the occupation numbers and the resulting anisotropy count
for the p orbitals depend on the lattice parameters. In dielec-
tric compounds such as STO and BTO, the bonding and non-
bonding states are fully occupied. Contrary to the nonbond-
ing bands, which have almost pure p character, the bonding
and antibonding bands are mixed p-d bands. The population
of the p orbitals is given by the sum of the occupation num-
bers of the nonbonding and the bonding bands, whereof the
latter are lattice-parameter dependent.

Every pair of bonding and antibonding states is described
by an effective two-level model17

Ĥm = �m��d,k��d,k� − �p,k��p,k��

+ Vmfmk��d,k��p,k� + �p,k��d,k�� . �1�

Here, m describes the character of the band m=� and �, and

fmk is a dimensionless function, which depends on the di-
mensionless variable ka �note that k is measured in units of
� /a, so neither ka nor fmk depends on a�. The state mixing
is defined by the interplay of the on-site energy difference
�m and the transfer integral Vm, which determines the band-
width of the corresponding band. The eigenstates of Hamil-
tonian �1� have the form

�k,�� = cdk��d,k� + cpk��p,k� , �2�

and the following energies and occupation numbers are ob-
tained

Ekm� = ���m
2 + Vm

2 �fmk�2, � = � 1 �3�

npkm� 	 2�cpk��2 = 1 − �m/Ek�. �4�

ndkm� 	 2�cdk��2 = 2�1 − �cpk��2� = 1 +
�m

Ek�

. �5�

Here, �=+1 describes the antibonding and �=−1 describes
the bonding band. In this two-level system, two asymptotic
behaviors are possible. First, �m /Vm→	, which yields for
the occupation numbers of the bonding bands npkm,−1→2
and ndkm,−1→0. In this case, both electrons are in the p state
of the ligand ion and d states are empty, called the ionic
limit. Second, �m /Vm→0, which yields for the occupation
numbers npkm,−1→1 and ndkm,−1→1. In this case, the elec-
trons are equally shared by the p, and d states. This is the
covalent limit. From the trends in Fig. 3, we observe that
while the population of the p� orbitals increases, the popu-
lation of the p� orbitals decreases. This means the Ti-O �
bond gets more ionic with lattice expansion �as expected�
whereas the Ti-O � bond gets more covalent, which we will
try to explain with this model.

The parameters of this model can be extracted from the
band energies at symmetry points of the Brillouin zone in
Fig. 4 �see Appendix, Sec. 3 for more details�. For example,
the on-site energy differences �m can be obtained from the �
point, since due to symmetry, the d-p mixing vanishes at this
point and the band states acquire a pure d or p character. For
a=3.8996 Å we have for STO Edt2g


1.7 eV, Edeg

4.3 eV, and Ep
−1.2 eV. This yields �using Eqs. �A25�
and �A26�� 2��=Edt2g

−Ep
2.9 eV and 2��=Edeg
−Ep


5.5 eV. From these values and the fmk as given in Refs. 17
and 18 we obtain the Slater-Koster hopping parameters V�


2.1 eV Eq. �A28�, V�=Vpd�
1.6 eV Eq. �A27�, and
Vpd�
2.7 eV Eq. �A30�.20

Since the occupation numbers of the nonbonding bands
do not depend on the lattice parameter and the antibonding
bands ��=+1� are not occupied, we consider the bonding
bands ��=−1� only. The contributions from the bonding
bands to the population of the pm orbitals npm

are obtained by
a sum over the Brillouin zone. In order to analyze the occu-
pation as a function of the lattice expansion, we need the
derivative of the occupation number with respect to the lat-
tice parameter a. From Eq. �4� we obtain for the derivative
�denoted by ��
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FIG. 4. �Color online� SrTiO3: band structure for two different
lattice parameters a=3.8996 Å �full lines� and a=4.009 Å �dashed
lines�. The different band characters are given by different colors:
blue �bonding, ��, cyan �bonding, ��, orange �nonbonding�, red
�antibonding, �ij�, and green �antibonding, deg�, see text. Since it is
not easy to interpret the valence band, the colors in the valence
band are only approximate.
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npkm,−1� =
Vm

2 �fmk�2�m

���m
2 + Vm

2 �fmk�2�3
��m�

�m
−

Vm�

Vm
� . �6�

The derivative of npm
is proportional to

npm
� 
 ��m�

�m
−

Vm�

Vm
� . �7�

Figure 3 shows that npm
� has a different behavior for m=�

�np�
� is negative� and m=� �np�

� is positive�. Thus, within the
WE model, the observed increase in the EFG, which is due
to the decreasing occupation of the p� orbitals would yield

−
V��

V�

� −
���

��

. �8�

Both �� and V� decrease upon lattice expansion: Fig. 4
shows that the energies at the � point Edeg

and Edt2g
and the

bandwidths are smaller for the larger lattice parameter a
=4.009 Å, than for the smaller lattice parameter a
=3.8996 Å. A commonly accepted estimate21 for the depen-
dence of hopping integrals on a is V�
a−� with � between
3.5 and 4 �from the LDA band structure, we obtain �
=3.5�0.5�. This gives

− a
V��

V�

= � 
 3. �9�

�� is the difference in energy of the atomic levels corrected
by the crystal field �CF� �Ref. 22� ��=�d−�p+�CF,�. The
crystal field consists of two contributions:23 A �dominating�
electrostatic contribution, which is the difference of the
Madelung potentials of Ti and O, hence �CF,el
a−1 and a
hybridization contribution, which, in our case �octahedral co-
ordination�, contains a large and strongly a-dependent con-
tribution for m=� from the semicore s states of the ligand.
Indeed, �cf. Fig. 4� the change due to the increasing lattice
parameter a is much larger for �� than for ��. The main
electrostatic contribution, which implies �CF,el
a−1, leads to

− a
���

��

=
�CF,el

��

.

Since �d−�p+�CF,el��CF,el is �CF,el /���1 and therefore

− a
���

��

� 1. �10�

Combining the estimates from Eqs. �9� and �10�, we get

− a
���

��

� 1 � 3 � − a
V��

V�

. �11�

This is in contradiction to the inequality Eq. �8�, leading to
the conclusion that the WE model, though consistent with the
intuitive expectations �see Sec. III� is unable to predict the
observed behavior of the �-orbital occupation in Fig. 3.

A possible reason for the failure of the WE model is that
according to Ref. 15, a large contribution to the CF comes
from the oxygen 2s orbitals, which lie almost 18 eV below
the Ti 3d level, �sd=17.9 eV, but have a large matrix ele-
ment Vsd�=3.0 eV with the eg orbitals. This suggests to ex-

tend the WE model taking into account the oxygen 2s states
in order to explain the increasing EFG upon lattice expan-
sion. This is Harrison’s model, where Vsd� is obtained from
Eq. �A29�

�12 =
�s + �d

2
����s − �d

2
�2

+ 6Vsd�
2 ,

with �s=−16.2 eV, �d=1.7 eV, and �12=4.3 taken from the
band structure.

Taking the s orbitals into account, V� in the inequality Eq.
�8� is replaced by Vsd�. Harrison21 argues that the a depen-
dence of Vsd� is similar to the a dependence of Vpd�. This
suggestion is confirmed by our LDA calculations. Thus, we
obtain

Vsd��

Vsd�

= −
�

a
. �12�

On the right-hand side we have the on-site energy difference,
which is given by ��
��+3Vsd�

2 /�sd, cf. Eq. �A33�. The
derivative of this expression is

��� 

6

�sd
Vsd�Vsd�� . �13�

Note, that here we assumed ��� =�sd� =0. Applying Eqs. �12�
and �13� yields

−
���

��

=
�

a

6Vsd�
2

�sd�� + 3Vsd�
2 . �14�

Inserting Eqs. �12� and �14� in the inequality Eq. �8�, we
obtain within the Harrison model the observed increase in
the EFG, due to the decreasing occupation of the p� orbitals,
if the following inequality is fulfilled

�

a
= −

Vsd��

Vsd�

�
!

−
���

��

=
�

a

6Vsd�
2

�sd�� + 3Vsd�
2 ⇔

1

3
�sd���

!
Vsd�

2 .

�15�

Using the values obtained from the LDA band structure
�Vsd�=3.0 eV, �sd=17.9 eV, and ��=1.4�, we see that Eq.
�15� is fulfilled. Thus, the inequality Eq. �8� holds for the
STO � orbitals and the observed negative slope of nz in Fig.
3 can be understood.

After revealing the origin of the counter-intuitive behavior
of the on-site EFG, we will discuss the unusually large value
of the off-site EFG of the considered compounds. The depen-
dence of this contribution with respect to the lattice param-
eter can be estimated in the following way: from the multi-
pole expansion of a potential of a given ion, the sum of the
monopole contributions to vof f�r� Eq. �A6� has the slowest
convergence. This contribution may be calculated within a
point-charge model �PCM�. Therefore, we note that the Vzz
value created at the origin by a unit charge situated at the
point R equals the value of the z component of the electric
field Ez, created at the origin by the unit dipole directed
along z axis and situated at the same point R :Vzz= �3Z2

−R2� /R5. That means, for the calculation of the EFG within
the PCM, we need the electric field S�r� of dipoles located at
the sites R, which are polarized along the z direction and
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whose polarization is unity, at various points r through the
cubic lattice: S�r�=
REz�R−r�. Here, r=a�x ,y ,z� and R
=a�l ,m ,n� with a being the lattice parameter and l ,m ,n
=0, �1, �2. Using Eq. 16 of Ref. 24, we obtain for the
EFG in the PCM at the oxygen site

Vzz
PCM = −

e

a3�nTiS�0,0,
1

2
� + nAS�1

2
,
1

2
,0� + 2nOS�0,

1

2
,
1

2
��

= −
e

a3 �30.080nTi − 8.668�nA − nO�� . �16�

Here, nTi is the monopole moment of the ionicity of Ti. If we
insert the charges of the Ti ion nTi, the O ion nO, and the A
ion nA=−�nTi+3nO� �with A=Sr and Ba� obtained from the
FPLO calculations, we obtain, e.g., for STO Vzz

PCM=1.30
�1021 V /m2. This value is very close to Vzz

of f =1.19
�1021 V /m2, see Table. I. So, we obtain a good agreement
for the EFGs obtained from the simple PCM model and the
more complex calculation. This means, the FPLO code yields
realistic relations of the charge distributions.

The prefactor e /a3 in Eq. �16� is responsible for the ob-
served decrease in the off-site contribution in case of lattice
expansion, see Fig. 2. Also the charge redistribution may
change the value of Vzz

of f, but as we see in Fig. 2, it has a
minor effect: the off-site EFG for BTO is smaller than for
STO but the distance between the two curves is smaller than
the lattice-parameter dependence of the two curves.

V. SUMMARY AND CONCLUSION

In summary, we have performed first-principle calcula-
tions of the electric field gradient on the oxygen site for
BaTiO3 and SrTiO3 for different lattice parameters a. The
values of our calculated EFGs agree well with the measured
and, apart from the sign,25 with the calculated �LAPW� coun-
terparts from Ref. 8.

Decomposition of the EFG yields a large on-site contri-
bution originating from the oxygen 2p shell. The on-site
EFG reveals an anomalous dependence of the p�-orbital
population on the lattice parameter a: the population de-
creases with lattice expansion, i.e., the p-d hybridization
grows with increasing Ti-O distance. Simple ionic and cova-
lent approaches lead to the conclusion that this behavior is
counter intuitive. Also the effective two-level Hamiltonian
proposed by Wolfram and Ellialtioglu, which describes the
relevant states of the valence region �oxygen p and titanium
d states� fails to describe the observed behavior of the EFG
upon lattice expansion. Only the inclusion of the O 2s states
to the crystal field results in a consistent picture: In fact,
lattice expansion causes a charge transfer from the p� to the
s orbitals of oxygen, whereas the population of the oxygen �
orbitals increases with a. This charge redistribution leads to
the increase in the EFG, which is the main reason for the
surprisingly large difference of the EFGs between BaTiO3
and SrTiO3.

We expect that the observed feature, the increase in the
anisotropy count of the p shell with the bond length, is com-
mon to all d-metal-oxygen bonds and should be taken into
account accordingly in the interpretation of the relevant ex-

periments. The considered ATiO3 systems are not strongly
correlated since the Ti 3d shell is formally empty. For mag-
netic ions with partially filled d shells, the influence of the
O 2s orbitals will be diminished because the charge-transfer
energy �sd will include the on-site Coulomb repulsion within
the d shell.

As a side effect, our investigation sounds a note of cau-
tion: when performing a mapping of a complex DFT band-
structure calculation onto a microscopically based minimal
model in order to gain deeper physical understanding, care
has to be taken that all relevant interactions are included.
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APPENDIX

1. EFG implementation in FPLO

The EFG is a local property. It is a traceless symmetric
tensor of rank two, defined as the second partial derivative of
the potential v�r� evaluated at the position of the nucleus

Vij 	 �� �2v�r�
�i� j

−
1

3
�ij�v�r���

r=0
. �A1�

With the definition

V2m 	� 15

4�
lim
r→0

1

r2v2m�r� , �A2�

can the Cartesian EFG tensor Eq. �A1� also be expressed in
�real� spherical components �l=2,m= �2, �1,0�

Vij =�
V22 −

1
�3

V20 V2,−2 V21

V2,−2 − V22 −
1
�3

V20 V2,−1

V21 V2,−1

2
�3

V20
� . �A3�

In FPLO, the EFG on a nucleus at a given lattice site s0 may
be represented as the sum of two contributions

Vij 	 � �2

�i� j
−

1

3
�ij���von�r� + vof f�r�� �A4�

von�r� = 

L
� d3r�

ns0,L��r���YL�r��

�r − s0 − r��
, �A5�
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vof f�r� = 

R+s�s0,L

� d3r�
ns,L��r���YL�r��
�r − R − s − r��

− 

R+s�s0

Zs

�r − R − s�
,

�A6�

where YL are the �real� spherical harmonics; R is a Bravais
vector, and s is an atom position in the unit cell. The index
L=nlm also absorbs the spin and the principal quantum num-
ber. The first term in Eq. �A4�, the on-site contribution,
comes from the on-site contribution of the electron density of
the site s0, and the second term, the off-site contribution,
comes from the potential of all other atoms.

Since the angular-momentum components of the local
charge density give rise to multipole moments, which deter-
mine the Coulomb potential for large distances, FPLO uses
the Ewald method to handle the long-range interactions �see
Ref. 9, Sec. II D�. The density is modified with a Gaussian
auxiliary density ñl�r�=nl�r�−nl

Ew�r�.26 Inserting this modi-
fied density in the potentials Eqs. �A5� and �A6� yields

v�r� = ṽon�r� + vEw,on�r� + ṽof f�r� + vEw,of f�r� . �A7�

These contributions are calculated to get the total EFG.
The first contribution is ṽon�r� in Eq. �A7�. This potential

is given by Eq. �A5� using the modified density ñs0,L�r��. The
corresponding ṽs0,2m�r� components needed in Eq. �A2� are
obtained from the solution of the radial Poisson equation �see
Ref. 9 and Eq. �A33��

ṽs0,L�r� =
4�

2l + 1� 1

rl+1�
0

r

dxxl+2ñs0,L�x�

+ rl�
r

	

dxx−l+1ñs0,L�x�� .

Using l’Hôpital’s rule, we obtain for the Ṽ2m
on component

�from which Ṽij
on is obtained�

Ṽ2m
on = 2�3�

5 �ns0,2m�0�

5
+ �

0

	

dxx−1ñs0,2m�x�� . �A8�

The first term in Eq. �A8� is the 2m component of the elec-
tronic density at the nucleus ns0,2m�0�	 ñs0,2m�0�. The n2m

component of a spherical harmonic expansion of an analytic
function around a given point behaves as n2m=O�r2�. The
only nonanalyticities of the electron density are caused by
the spherical singularities of the nuclear potential and this
cannot be aspherical. Therefore n2m�0�=0, which can be
shown explicitly both in a nonrelativistic and full relativistic
theory.

The second contribution is ṽof f�r� in Eq. �A7�. This po-
tential is given by Eq. �A6� using the modified density
ñs,L�r��. Since the density ns,2m is not given at the site s0,
where the atom under consideration is sitting, this equation
has to be expanded. This can be done explicitly but the deri-

vation as well as the result for Ṽij
of f are very lengthy27 and

therefore not given here.
The remaining contributions are vEw,on�r�+vEw,of f�r� in

Eq. �A7�, which have to be calculated from the Ewald den-
sity alone. The auxiliary density nl

Ew�r� is given as a Fourier

expansion, resulting in the Ewald potential in Fourier space
vG

Ew= 4�

�G�2 nG
Ew, Eq. �52� in Ref. 9. Vij

Ew is obtained by differen-
tiating vEw�r�=
GeiGsvG

Ew

Vij
Ew = − 


G
�GiGj −

1

3
G2�ij�R�eiGsvG

Ew� . �A9�

The total EFG tensor Vij is given by the sum of these three
contributions

Vij = Ṽij
on + Ṽij

of f + Vij
Ew. �A10�

In order to analyze the on-site and off-site contributions, we
define the on-site EFG as being the first term in Eq. �A4� but
calculated from the unmodified density

V2m
on = 2�3�

5
�

0

	

dxx−1ns0,2m�x� . �A11�

The off-site EFG then is taken to be

V2m
of f = V2m − V2m

on . �A12�

2. Orbital contributions to the EFG

In FPLO the electron density is separated into a net density
and an overlap density �see Ref. 9, Sec. II B�. The dominat-
ing net density is calculated from two orbitals at the same
site R+s=R�+s�=s0

ns0

net�r� = 

k,nL1,L2

occ

cs0L1

k,n �s0,L1
�r − s0� · cs0L2

�k,n�s0,L2
�r − s0� .

The basis functions �s0,L are localized on the lattice sites

�s0,L�r − s0� 	 �s0

l ��r − s0��YL�r − s0� .

The 2m component of the radial net density needed for the
contributions of the net EFG, can be calculated from

ns0,2m
net �r� =� ns0

net�r�Y2m�r − s0�d� = 

L1,L2

cL1L2
�s0

l1��r

− s0���s0

l2��r − s0��Gl1,l2,2
m1,m2,m, �A13�

where Gl1,l2,2
m1,m2,m are the Gaunt coefficients and cL1L2

=
k,ncs0L1

k,n cs0L2

�k,n. Due to the properties of the Gaunt coeffi-
cients, ns0,2m

net consists only of p-p, d-d, and s-d �and if
present p-f and f-f� contributions. These contributions to the
on-site net EFG Vzz

on,net are obtained by inserting Eq. �A13�
into Eq. �A11�. E.g., the p-p contribution V2m,pp

on,net is calculated
from

V2m,pp
on,net = 2�3�

5
�

0

	

dxx−1ns0,2m
net,pp�x�

ns0,2m
net,pp�x� = ��s0

1 �x��2 

m1,m2

c1,1
m1,m2G1,1,2

m1,m2,m. �A14�

The main component Vzz,pp
on,net= 2

�3
V20,pp

on,net is calculated from
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ns0,20
net,pp�x� =� 1

5�
��s0

1 �x��2

k,n

�cs0,1,0
k,n cs0,1,0

�k,n −
1

2
�cs0,1,−1

k,n cs0,1,−1
�k,n

+ cs0,1,1
k,n cs0,1,1

�k,n �� . �A15�

We see, that this density is proportional to the difference of
occupation in pz �m=0� and px,y �m= �1� states, which is
the anisotropy count.

3. Background for Sec. IV

In order to extract the parameters from the band structure
we need the total Hamiltonian

Ĥ = 

m

�Ĥm + em��d,k��d,k� + �p,k��p,k��� . �A16�

Here, Ĥm is the Hamiltonian given in Eq. �1� and em is the
mean energy of a pair of bands. The energies are therefore
obtained from

Ekm� + em = em + ���m
2 + Vm

2 �fmk�2. �A17�

For the three pairs of the �ij bands, fmk is given by

f�ijk
2 = 2�2 − Ci − Cj� , �A18�

with Ci	cos�kia�. The two � bands are distinguished by the
index �= �1 and fmk is

f��k
2 = 3 − Cx − Cy − Cz + ��Cx

2 + Cy
2 + Cz

2 − CxCy − CxCz

− CyCz�1/2. �A19�

Inserting these in Eq. �A17� for the � point �ka=0� and the
X point, �kxa=� ,ky =kz=0�, we obtain

�25 = e� − �� = e� − ��, �A20�

and �25	Ep
�p

�25� = e� + ��, �A21�

and �25� 	Edt2g

�d

�12 = e� + ��, �A22�

and �12	Edeg

X5 = e� + ���
2 + 4V�

2 , �A23�

X1 = e� + ���
2 + 4V�

2 . �A24�

Here, � denotes the energy of the atomic level and E denotes
the energy level corrected by a “crystal field” �CF, see below.

Now it is trivial to find the parameters �m ,Vm

2�� = �25� − �25 	 Edt2g
− Ep, �A25�

2�� = �12 − �25 	 Edeg
− Ep = �d − �p + �CF, �A26�

4V�
2 = �X5 − �25� ��X5 − �25� , �A27�

4V�
2 = �X1 − �12��X1 − �25� . �A28�

The energy values at the different � and X points for SrTiO3
are given in Table. II.

So far, we have used the WE model, i.e., we have taken
into account only the oxygen p and the titanium d states.
Since this model is not sufficient to explain the observed
behavior of the oxygen p� states, we have to expand the
model. Harrison’s model21 includes also the oxygen s states.
The s states change the dispersion in the � bands, so that we
have two parameters Vpd� and Vsd� instead of just one V�.
Thus, the expressions become more complex, even at the
symmetry points. In this model, the Eqs. �A20�, �A21�, and
�A23� remain the same and the parameters �p, �d, and V� are
unchanged. For �12 Eq. �A22� and X1 Eq. �A24�, Harrison
obtains

�12 =
�d + �s

2
+���d − �s

2
�2

+ 6Vsd�
2 , �A29�

X1 

�d� + �p

2
+���d� − �p

2
�2

+ 4Vpd�
2 , �A30�

where �d�=�d+2Vsd�
2 /�sd. From these equations, the param-

eters Vpd� and Vsd� can be obtained. Besides, there is also an
additional equation for �1

�1 = �s. �A31�

Substituting �sd	�d−�s�Vsd� in Eq. �A29�, we obtain

�12 =
�d + �s

2
+ ��sd

2
��1 +

24Vsd�
2

�sd
2



�d + �s

2
+ ��sd

2
��1 +

12Vsd�
2

�sd
2 �

= �d + 6
Vsd�

2

�sd
.

Hence,

TABLE II. The energies at the � and X points in SrTiO3 given in eV. Here, �1
�s, �25
�p, �25� =Edt2g

�d, and �12=Edeg

.

a
�Å� �12 �1 �15 �25 �15 �25� �12 X5 X1

3.8996 −17.199 −16.177 −2.891 −1.166 −0.372 1.709 4.319 3.705 6.551

4.009 −16.923 −15.968 −2.828 −1.046 −0.408 1.579 3.800 3.332 5.798
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Edeg
	 �12 
 �d +

6Vsd�
2

�sd
. �A32�

For the main text, we need an expression for ��

�� = ��12 − �25�/2 = ��12 − �p�/2



1

2
��d +

6Vsd�
2

�sd
− �p�

= �� + 3Vsd�
2 /�sd. �A33�

Finally the hopping parameters of both models are given in
Table III.

Remark. In the WE model, we use Em as model parameter,
hence �
�, and in the Harrison model, we use �m as model

parameter, hence �=�. However. there is some contribution
of the CF acting on the, e.g., p states at the � point: the
interactions with Sr states, core states, Madelung potentials,
etc. Therefore, �p is rather a model parameter than the true
atomic energy, Ep, of a 2p state. If we speak about the model
only, we may drop Ep and Et2g, and retain only �p, �d, and
Eeg.
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